Class 27: Taylor Series
Calculus 11
College of the Atlantic. March 8, 2023

AT THIS POINT, YOU'RE PROBABLY
THINKING, “T LOVE THIS EQUATION
AND WISH IT UCH{LD NEVER END!"

WELL, GOOD NEWS!

TAYLOR SERIES EXPANSION 1S5 THE WORST.

Figure 1: Taylor Series by Randall Munroe. Image source: https://xked.com/2605/.

Suppose you want to approximate the exponential function f(z) = e* by a polynomial. In this
exercise we'll figure out how to build up the best possible approximate one term at a time. We’ll
call our approximate functions Py(z). We want our approximation to be as accurate as possible at
the point x = 0.

0. We'll start by approximating the function f(z) by a constant. This isn’t going to be a very
good approximation. But we have to start somewhere.

Py(z) = Cy . (1)

What should we choose for the constant?

1. Now we'll approximate f(z) by a line.
Pl(x) = C(] + Cll’ . (2)

We already know Cy. What should we choose for C, and why?


https://xkcd.com/2605/

2. Next, we’ll approximate f(z) by a second-order polynomial:
PQ(LC) = CQ + Cll’ + CQIQ . (3)

How should we determine Cy?

3. You can probably guess what’s next. Let’s approximate f(z) by a third-order polynomial:
P3($) = C() + Clilf + Cgl‘z + 03.7}3 . (4)

How should we determine C5?

0o. At this point we likely see a pattern. Write down an infinite-order polynomial approximation
for f(x) using ¥ notation.

1. Determine the Taylor Series for cos(x) about z = 0.

2. Determine the Taylor Series for In(z) about x = 1.



